Abstract. Three-dimensional generalizations of two different forms of the Boussinesq equation are derived. They are investigated for stability of slowly varying nonlinear wavetrains. The results obtained are then compared with the stability properties following from the full water wave equations. Agreement is found to be good for h0 k0 (depth times wavenumber) of order one. This is very satisfactory, as the Boussinesq equations are only supposed to be valid for small h0 k0. In particular, one version of the Boussinesq equation is found to yield instability with respect to one-dimensional perturbations for h0 k0 > 1.5 (as against 1.36 for the full equations). Finally, a similar comparison is performed for the three-dimensional Korteweg-de Vries equation.
1. Introduction. In this paper some model equations for water waves will be derived. They generalize existing model equations (Boussinesq and K-de V) to three dimensions. These existing models were formulated in the late nineteenth century (1871 and 1895), the full equations for free surface waves being difficult to manipulate [1, 2] , We wish to investigate the free surface of an incompresssible fluid covering a flat bottom. The relevant equations are [3] Here h is the local depth, h0 the average depth, g the gravitational constant, v the fluid velocity and z the distance from the bottom. The equation of the surface is z = h(x, y, t) and the last three equations are boundary conditions; the first two on the surface (constraints following from the fact that fluid elements move with the surface; and pressure balance on the surface); and the third on the bottom (no motion perpendicular to the bottom). For more details see [3] , at z = h, Boussinesq looked at the two-dimensional problem (d/dy = 0) and found a much simpler set of equations in the small h0 k0 limit. They are derived in Appendix 1 and take the form: h, + (uh)x = 0, (1.2) u, + uux + ghx + \clh0hxxx = 0, c\ = gh0. (1.3) Now w is the average of cj)x over z between 0 and h. We will also investigate an alternate form of the Boussinesq equation. In the long wavelength limit (1.3) yields approximatelỹ + ghx = u, + uux + ghx % 0.
( An equation similar to (1.2) and (1.6), but accurate to a higher order in the expansion parameter of Appendix 1, was derived by Su and Gardner [4] .
When wave motion is further restricted to the positive x direction we can finally obtain the Korteweg-de Vries equation 2. Three-dimensional equations. When d/dy is reinstated in (1.1) a three-dimensional situation is described. However, in all models under consideration the height h is a function of x, y, and t and so from now on we will speak of (2 + l)-dimensional models. The (2 + l)-dimensional extension of (1.7) and (1.9) is ht + (hu)x + (hv)y = 0, (2.1) whereas (1.8) and (1.10) are unaltered (Appendix 1). We are now one equation short, and to close the system we note from the existence of a velocity potential that
Finally, in Appendix 2 the (2 + l)-dimensional generalization of (1.11) in the water wave context is shown to be u, + uux + iuxxx + jvy = 0, vx = uy, (2.3) where x is measured in units of h0 and velocities in c0. This equation has already been derived in the plasma physics context [5, 6] , and in solid state theory [7] .
In all these models x and y have uneven status. It is tacitly assumed that there will be a basic nonlinear structure moving in the x direction, whereas the modulations will be in the x, y plane.
All our model equations were derived in the long wavelength, shallow water limit h0 k0 -> 0. However, it would be useful to know for what values of the dimensionless parameter h0 k0 these equations can be used. Sometimes model equations happen to be valid in regions that exceed what one has a right to expect from the derivation. This will in fact be seen to be the case here, especially for BI. To investigate our equations we will perform stability analyses for all three models and compare the results with those obtained from the full system (1.1) for arbitrary h0k0 [8] . where x has been normalized to h0 and velocities to (gh0)112 for convenience. We assume the existence of a stationary nonlinear wave and investigate it for stability with respect to small-amplitude, three-dimensional perturbations. This stationary wave propagates in the x direction (d/dy = 0) and, due to Galilean invariance, we can use (3.1) with d/dt = 0 to describe it. Thus in its own rest coordinate system the wave is given by
The first two equations can be integrated:
and these, together with the third, give one equation for u:
(in general there will be two constants of integration, but they can be reduced to one constant u0 by rescaling; see Appendix 3). We will look for nonlinear solutions to (3.4) in the form u = u0 + a cos a + 0(a2)
where a is small but finite. The first-order equations in a yield o = k0x + x, ko ~ 3(wo"2 1), Uq < 1,
The third-order expansion of (3.4) is of the form terms involving cos a 4-nonres.
Thus secular terms will appear in u3 unless we introduce many space variables and allow X to be a function of x2 [9] . This leads to the condition
This concludes the calculation of the nonlinear wave structure. We now linearize (3.1) around our nonlinear wave u(x), h(x):
This is a system of equations in which the coefficients are periodic functions of x. We know from Floquet's theorem that solutions of the form
where P is periodic with the same period as u and h, must exist. We will therefore take all perturbed quantities to be of this form and further assume k and co to be small quantities of order a (this is equivalent to assuming slow variations of the nonlinear wave). Next we will look for resonances that arise in higher orders when the solutions up to a given order are multiplied by the coefficients of the equations. Physically, these resonances can be viewed as a wave-wave coupling effect involving two perturbed waves and the basic nonlinear wave. The procedure is well known [10, 11] , and only an outline will be given here. Assume co = a>i + a>2 + ■" con ~ an~pkp, k = (kx, ky) = fc(cos 6, sin 6), where X = a.A + f}B and = a cos a = a -I-fi. The constants Cu C2 and C3 are obtained upon integrating (3.10), (3.11), and (3.13) respectively. To obtain the values of these constants we must write out the second-order versions of (3.10), (3.11) , and (3.13) (Appendix 4) and again demand that secular terms vanish. The calculation is simplest for the second-order version of (3.13): d_ dx Sv2 = -ikx SVi + iky Sui. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) Upon averaging over a period we obtain, from the periodicity of Sv2, (dvt} = C3 = tan 0<<5"t> = 3 tan Ou^2ko 2[Cj -u0C2 + (4uq 1 -"o)^]-(3.15)
The consistency conditions obtained from the second-order version of (3.10) and (3.11) are coupled and involve Svv With the aid of (3.15) they yield This time round secular terms will only be avoided if det(a,j) is zero. After a considerable amount of algebra this condition leads to a value for co2. Combining the result with the known form of a>u we obtain a> = a)! + a>2 = -j/coUq/c cos 9 ± au0k^/cos2 9 -Uq 4/cq sin2 0x/ -2a12, Thus the value of o»(k) splits in two, as usually happens in the presence of nonlinear waves [12, 13] . Instability will set in between two critical angles 9 given by tan2 61 = k%UQ, tan2 $ = k2u* 2"°~3 + 13"°"1 -9Uo + 25"° ~ 4"° (3 21) 2 0 0 3(22uq 1 -1 1m0 -2"o) ( ) For k0 -► 0, Uq -► 1 and these angles merge. They can be drawn as functions of k0 only, if (3.5) is used in (3.21). They are shown in Fig. 1 (where h0 has been reinstated) . The critical angles 8l and 02 are compared there with those obtained by Hayes from the full equations (1.1) [8] , Agreement is surprisingly good for h0k0 < 1 (after all, this was the expansion parameter!). The main difference between the two lower curves is that BII never gives instability for 6 = 0 (one-dimensional perturbations), whereas the full set does when h0 k0 > 1.36.
Stability according to generalized Boussinesq I (BI)
. Although BI looks simple enough, it furnishes two additional complications when an analysis similar to that of Sec. 3 is performed on it. These complications are most painlessly illustrated by taking the linearized forms of Eqs. (1.8), (2.1) This new mode-mode coupling mechanism will in general lead to a third critical angle d3 (from the above we expect this angle to be zero for u0 = ^). A calculation similar to that of Sec. 3 yields tan2 6i = (2u20 + 1)(1 -4, (4.8)
M_2 n _ (23*4 -4Wo -10ug)(l -u20)
,an (2«s + 5«g -4"3) • <4 9) tan2 03 = (uq 2 -4)(1 -u20), u20 < 1. (4.10)
Again, these angles can be obtained in terms of k0h0 only. For h0k0 < 1 they look much like those for the other two models (Hayes and BII; again and 02 merge and give the right slope at zero). However, the lower stable region will now be bounded on the right by 03 and will be topologically like Hayes' case. The critical value of h0k0 is 1.5, as can be seen from (4.10) and (4.4). This is not very different from Hayes' value 1.36 (actually known before Hayes [10, 14] ). For larger values of h0k0, however, the model breaks down and finally becomes meaningless for h0 k0 >V3-5. Three-dimensional K-de V. In Appendix 2 the three-dimensional K-de V equation is derived for water waves. An analysis similar to that of Sec. 3 for this equation has already been performed in the plasma physics context [13] . The dispersion relation is, in our notation, This substitution is sanctioned by the fact that if u(x, y, t) and t>(x, y, t) solve (2.3), so will au(a~ ll2x, a" a~3/2f) and a3/2u(a~ 1/2x, a_1y, a~3/2f).) Thus = 62 = tan_1(/i0/c0) and a single, degenerate curve with the right slope at zero is obtained (dotted line in Fig. 1) . However, the instability region for small h0k0 is in any case confined to an extremely narrow solid angle. Thus the fact that the width has shrunk to zero for the K-de V equation is perhaps not surprising.
A comparison of all three models-BI, BII, and K-de V-with the full equations shows that whereas the Boussinesq models offer an excellent picture of the stability problem for weakly nonlinear waves when h0 k0 < 1, K-de V is somewhat simplified and certainly limited to h0 k0 < 6. Summary. Generalized (2 + l)-dimensional forms of the Boussinesq equations are seen to furnish very good models for the modulations of weakly nonlinear water waves for h0k0 < 1. A (2 4-1 )-dimensional extension of the Korteweg-de Vries equation, on the other hand, gives a somewhat simplified theory, less exact than Boussinesq, but still qualitatively good for h0 k0 < j.
Note added in proof: A one-dimensional analysis of the Su-Gardner equation, mentioned in Sec. 1 and derived in [4] , yields stability for all h0 k0. In this respect it is thus seen to be no better than our BII. is of third order and so can be neglected. Eq. (A1.13) is thus equivalent to (1.9) and (1.10) under this expansion scheme. (Actually, the unwanted term (A1.14) would enter (1.10) differentiated by x and thus would be of order j, a full e above all significant terms.) Appendix 2. We now assume that the basic nonlinear wave or soliton propagates in the positive x direction with a constant velocity near one ((gh0)112 before renormalization). We stretch the coordinates according to the scheme 
